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a b s t r a c t
Aging infrastructures (e.g. roads, bridges and water mains) in America are deteriorating and becoming structurally deﬁcient and their reliability and safety issues become matters of great concern. For the reinforced concrete infrastructures in marine environments, one of the leading failure causes is chloride-induced corrosion,
which consists of a complex electrochemical process of chloride ingress. Inspecting chloride ingress conditions
involves the costly and time-consuming procedures of extracting cores and performing laboratory analysis. Based
on the limited resources, it will be desirable to develop pre-assessment approaches in evaluating chloride-induced
corrosion conditions before extracting cores. Existing approaches mainly rely on engineering experience and/or
visual inspection, which may be subjective or subject to visual inspection error. Existing approaches in analyzing
trajectory proﬁles are often restricted by the oversimpliﬁcation of homogeneity assumption and failed to address
the potential heterogeneity among proﬁles data. This paper proposes an evidence-based analytical approach for
chloride ingress pre-assessment by comprehensively exploring, quantifying and analyzing the historical heterogeneous chloride ingress proﬁles data and associating them with inexpensive external factors information, which
are often readily available from concrete suppliers and bridge inventory databases. Given inexpensive information of a location to be inspected, the propose work can provide rich pre-assessment results, which will facilitate
engineers to prioritize their resources and schedules and ﬁrst inspect those most at-risk locations. A real-world
case study is provided to illustrate the proposed work and demonstrate its validity and performance.
© 2017 Elsevier Ltd. All rights reserved.

1. Introduction
Having been serving as the backbone of America’s development in
the past decades, the critical infrastructure systems (e.g. roads, bridges
and water mains) are aging, deteriorating and becoming structurally
deﬁcient. According to the 2013 Report Card of Americas Infrastructure [1], categories of bridges got C+ grades (indicating the mediocre
condition) while the category of roads only received a D grade (indicating the poor condition) under the evaluations of capacity, maintenance
and public safety. As a critical element in the transportation system,
marine bridges with reinforced concrete (RC) have been brought into
focus because of the more frequent occurrence of collapses throughout
the nation [2,3]. A major failure mechanism for bridges in marine environments is the chloride-induced corrosion of RC [4]. For instance, two
thirds of Florida’s 5500 bridges are exposed to chloride-rich salt water,
making themselves vulnerable to chloride-induced corrosion. Maintain-
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ing reliability and service life of such bridges has become matters of
great concern.
Chloride-induced corrosion mainly consists of two periods, namely
the initiation period and the propagation period [4,5]. In the initiation period of chloride ingress, chloride ions from marine environments
gradually diﬀuse through RC towards the reinforcing bars and eventually cause the depassivation of steel. In the propagation period of corrosion, the chemical products from corroded steel become expansive and
tend to occupy more volume than the original steel. Thus, more tensile stresses are generated in the surrounding concrete substructures,
resulting in longitudinal cracking of the concrete covers, reduction in
the cross section of steel and the loss of concrete-steel bond [4]. Since
the detrimental process of steel corrosion is initiated at the end of initiation period when the chloride concentration reaches a threshold level,
studying the chloride ingress proﬁles through RC during the initiation
period becomes particularly important and therefore is within the scope
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ferent ages, from the same bridge but diﬀerent locations or from the
same bridge and location but with diﬀerent pre-existing conditions and
environmental factors’ inﬂuence. As shown in Fig. 1, concrete cores are
sliced at diﬀerent depths with chloride concentrations of core slices (represented in open dots) directly measured in the unit of “kg/m3 ” (i.e.,
kilogram per cubic meter). Such chloride ingress trajectory proﬁles exhibit heterogeneous proﬁle patterns. For instance, diﬀerent cores from
diﬀerent bridges (e.g., “Bridge1-3” and “Bridge2-2”) may exhibit similar proﬁle patterns, where “Bridge1-3” is an abbreviation identiﬁer that
represents the ﬁrst bridge and its third extracted concrete core sample.
In addition, diﬀerent cores from the same bridges may also exhibit similar (e.g., “Bridge1-2” and “Bridge1-3”) or diﬀerent (e.g., “Bridge1-1”
and “Bridge1-3”) proﬁle patterns. It will be desirable to quantify such
heterogeneity in chloride ingress proﬁles since homogeneity assumption becomes inappropriate. However, bridge itself is not an appropriate
identiﬁer to diﬀerentiate heterogeneous proﬁle patterns and trajectory
proﬁles with similar patterns are formed into virtual groups with latent
heterogeneity.
To take into account data heterogeneity, mixture model is one of
the popular modeling framework due to its intuitive construction and
great modeling ﬂexibility. It has been successfully investigated in some
of existing works to model and quantify heterogeneity of reliability data
and/or trajectory proﬁles. For instance, Buar et al. [25] proposed a mixture model for Weibull distribution in reliability estimation of lifetime
data. Li and Liu [26] considered the mixture hazard regression to model
lifetime data with latent heterogeneity. Yuan and Ji [27] developed a
mixture of Gaussian distribution to account for the unit-to-unit variability of heterogeneous degradation data. Park [28] proposed a mixture of nonparametric regression model to characterize heterogeneous
nanocrystal growth proﬁles. Mixture models characterize the heterogeneous population using multiple homogeneous sub-populations [29–
31] and most of the existing mixture modeling approaches stopped at
identiﬁcation of the sub-populations. There is a lack of post analysis
regarding each sub-population. For instance, how each sub-population
is formed and what external contributing factors, e.g., concrete structure properties and environmental conditions, will aﬀect those subpopulations?
To answer the aforementioned research questions and ﬁll the gap
in existing literature, this paper proposes an evidence-based analytical approach for pre-assessment of chloride-induced corrosion conditions by comprehensively exploring, quantifying and analyzing of the
heterogeneous chloride ingress proﬁles obtained from multiple marine
bridges. Speciﬁcally, a mixture of basis function model is proposed to
characterize the chloride concentration trajectories, identify the number of heterogeneous sub-populations and quantify the heterogeneity in
the chloride ingress proﬁles. Model estimation and selection strategies
are further developed with the closed-form iterative updating procedures obtained to facilitate estimation convenience in practice. Based
on the heterogeneity quantiﬁcation results, a multi-class classiﬁcation
problem is formulated to investigate, visualize and explain how diﬀerent inexpensive external factors will contribute to such heterogeneity in
chloride ingress process. Given external factors information of a location to be inspected, the proposed model can predict its corresponding
chloride concentration trajectory with variability bounds. The proposed
works realize the evidence-based pre-assessment before performing indepth inspection studies of core extraction and laboratory analysis. It
will better inform the engineers in allocating and prioritizing their limited inspection resources.
The rest of this paper is organized as follow: Section 2 introduces
the proposed heterogeneity exploration and qualiﬁcation methodology
for chloride ingress proﬁles. Section 3 gives a real-world case study of
analyzing chloride ingress proﬁles extracted from a ﬁeld survey and illustrates the validity of the proposed approach. Section 4 draws the conclusion.

Fig. 1. Real data of heterogeneous chloride ingress proﬁles.

of this paper. For studies of steel corrosion in propagation period, please
refer to [6] and references therein.
Chloride ingress process through RC is a complex electrochemical
process and the resulting chloride concentration in RC cannot be directly measured. In practice, the typical approach adopted by engineers is to extract core samples from the concrete structure and perform chemical analysis in laboratory to measure chloride concentration
proﬁles of extracted cores [7]. Based on the measured chloride concentration proﬁles, diﬀerent physical models, such as diﬀusion models
based on Fick’s second law [8–11] and spatial modeling [12–14] can
be employed to evaluate the corrosion initiation time or the probability of chloride-induced corrosion initiation. Although accurate and reliable, the process of extracting cores and performing laboratory analysis is costly [15], time-consuming and requires extensive resources
of labor and equipments [16]. In addition, due to the destructive nature of extracting cores, extraction of a large number of cores should
be avoided. Facing with the limited budget, physical constraints and a
large number of possible locations to be inspected, it will be desirable
to develop some analytical tools that will help pre-assess the chlorideinduced corrosion conditions before extracting cores. It will facilitate
engineers to prioritize their available resources and ﬁrst inspect those
most at-risk locations. Existing pre-assessment approaches mainly rely
on engineering experience and/or visual inspection [7,17,18], which
may be subjective, varying from engineer to engineer and subject to
visual inspection error. It will be desirable to develop more evidencebased analytical approaches for pre-assessment. To ﬁll the research
gaps, this paper aims to develop analytical pre-assessment tools by
taking advantage of available historical chloride ingress proﬁles data
and associating them with inexpensive external factors information,
which are often readily available from concrete suppliers and bridge
inventory databases. Fig. 1 displays the historical chloride ingress proﬁles data of core samples extracted from multiple marine bridges in
Florida. Laboratory chemical analysis [19] was conducted for the extracted concrete cores to evaluate their chloride concentration proﬁles.
Existing data modeling approaches in studying trajectory proﬁles,
e.g., light intensity trajectories of laser devices [20,21], vibration signals
of bearings [22] and degradation proﬁles of batteries [23,24], mainly
assumed that all the investigated units (e.g., laser devices, bearings or
batteries) were similar and exhibited the same or similar proﬁle patterns. Therefore, the overall population of units was assumed as homogeneous. However, in the chloride ingress proﬁles, the investigated
units of concrete cores may be extracted from diﬀerent bridges at dif-

124

S. Chen et al.

Reliability Engineering and System Safety 171 (2018) 123–135

Fig. 2. Descriptive diagram of the proposed heterogeneity quantiﬁcation framework for chloride ingress proﬁles.

2. Methodology

of Fick’s second law can be further employed to obtain informative measures, such as the corrosion initiation time of the pre-assessed location.
Technical details of each sub-module are elaborated as follows.

To quantify the heterogeneous trajectories of chloride ingress proﬁles collected from a ﬁeld study and further identify relevant external
factors (e.g., bridge characteristics, environmental conditions, etc.) that
may help explain such heterogeneity, the proposed work consists of several interrelated sub-modules. Fig. 2 gives an overview of the proposed
methodological framework in studying heterogeneous chloride ingress
proﬁles and realizing pre-assessment of chloride-induced corrosion conditions. In the model formulation sub-module, both the heterogeneity
and nonlinear patterns of chloride ingress proﬁles are captured. In the
model estimation and selection sub-module, an iterative estimation procedure with closed-form updating procedures is provided to facilitate estimation convenience. The most appropriate and parsimonious number
of sub-populations that could represent well of heterogeneous proﬁles
is selected. In the classiﬁcation and factors identiﬁcation sub-module,
a classiﬁcation problem is formulated to identify and quantify diﬀerent
inexpensive external factors’ inﬂuence on heterogeneity of trajectories
and obtain sub-populations memberships. Given the inputs of those external factors for a particular location to be inspected, the corresponding chloride ingress trajectories will be predicted based on the proposed
model established from previous sub-modules. With the predicted chloride ingress trajectories, the diﬀusion model based on physical principle

2.1. Model formulation
Considering a sample of N concrete cores extracted from substructures of marine bridges, ni slices are extracted from the 𝑖th concrete core
at diﬀerent depths and xij represents the depth of the 𝑗th slice from the
concrete surface. By grinding the core slices into powder and performing the chemical analysis, the corresponding chloride concentration of
slice at xij is evaluated as yij . As shown in Fig. 1, the chloride ingress
proﬁles of extracted cores exhibit heterogeneous proﬁle patterns. Such
heterogeneity is latent and cannot be diﬀerentiated by using bridges as
identiﬁers. But it can be potentially represented by multiple homogeneous sub-populations such that individual chloride ingress trajectories
within each sub-population share similar proﬁle patterns while trajectories among diﬀerent sub-populations have diﬀerent patterns. Specifically, chloride ingress proﬁle of sub-population k can be modeled as
𝑦𝑖𝑗 = 𝜂𝑘 (𝑥𝑖𝑗 ; 𝜽𝑘 ) + 𝜖𝑘 , 𝑖 ∈ 𝑁𝑘 , 𝑗 = 1, 2, ⋯ , 𝑛𝑖 , 𝑘 = 1, 2, ⋯ , 𝐾,

(1)

where Nk is the number of samples within sub-population k and K is
the total number of sub-populations to represent the overall heteroge125
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∑
neous ingress proﬁles. Nk satisﬁes 𝐾
𝑘=1 𝑁𝑘 = 𝑁, where N is the total
number of concrete core samples. Notice that Nk , K and k are all unknown variables due to the latent heterogeneity of chloride ingress proﬁles. 𝜂 k (xij ; 𝜽k ) describes the average chloride concentration trajectory
of sub-population k and 𝜽k is the corresponding vector of unknown parameters governing the proﬁles pattern. 𝜖 k quantiﬁes the variability of
individual trajectories within the sub-population k, which is assumed to
follow a zero-mean Gaussian distribution with sub-population speciﬁc
variance, i.e., 𝜖𝑘 ∼  (0, 𝜎𝑘2 ).
After the homogeneous sub-population is captured in Eq. (1), the
overall heterogeneous population can be written as
𝑓 (𝑦𝑖𝑗 , 𝚯) =

𝐾
∑
𝑘=1

𝜋𝑘 (𝑓𝑘 (𝑦𝑖𝑗 ; 𝜂𝑘 (𝑥𝑖𝑗 ; 𝜽𝑘 ), 𝜎𝑘2 )), 𝑘 = 1, 2, ⋯ , 𝐾,

analytical solution is available for solving 𝜎𝑘2 . Numerical root-ﬁnding
methods, such as Newton–Raphson algorithm, are also diﬃcult to implement because that (i) it is computationally cumbersome to iteratively
evaluate the ﬁrst derivative of the likelihood equation; and (ii) it may
result in algorithm ineﬃciency (e.g., root jumping, divergence) due to
highly nonlinear form of the likelihood equation with multiple roots.
To overcome the estimation diﬃculties, the expectation–
maximization (E–M) algorithm is employed [32,33] to simplify
the estimation procedure through data augmentation techniques. The
rationale of E–M algorithm is to augment unobserved (or called missing)
data to simplify the likelihood function structure and facilitate estimation convenience. In the context of chloride ingress proﬁles application,
the sub-population membership of each chloride ingress trajectory is
an unobserved quantity. As shown in Fig. 1, it is possible that concrete
cores extracted from the same bridge may have completely diﬀerent
trajectory patterns formed into diﬀerent sub-populations. It is also
possible that concrete cores extracted from diﬀerent bridges may have
the similar trajectory patterns formed into the same sub-population.
Thus, bridge information is not an appropriate identiﬁer in determining
the sub-population membership of each trajectory. All trajectories
are formed into virtual sub-populations with similar proﬁle patterns
and their sub-population memberships are missing information.
Speciﬁcally, considering the augmented sub-population information
set 𝐙 = {𝒛𝑖 ∶ 𝑖 = 1, 2, ⋯ , 𝑁}, where 𝒛𝑖 = [𝑧𝑖1 , ⋯ , 𝑧ik , ⋯ , 𝑧iK ]T is a Kdimensional vector recording the missing membership information for
concrete core i. The corresponding composing elements zik ’s of zi are
0–1 binary variables. When concrete core i belongs to sub-population
k′, zik ’s are speciﬁed as 𝑧𝑖𝑘 = 1, 𝑘 = 𝑘′ and 𝑧𝑖𝑘 = 0, ∀𝑘 ≠ 𝑘′ . It is noticed
that since 𝜋 k represents the proportion of sub-population k in the
overall heterogeneous population, the prior probability of concrete
core i belonging to sub-population k also becomes 𝜋 k . Based on the
data augmentation, the augmented likelihood function 𝐿(𝚯|D, Z) can
be explicitly written as
(𝑛
)𝑧𝑖𝑘
𝑁 ∏
𝐾
𝑖
∏
∏
𝐿(𝚯|D, Z) =
𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷 T𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘2 )
(6)

(2)

where f( · ) and fk ( · ) are the probability density functions of the overall
heterogeneous population and the homogeneous sub-population k. 𝚯
denotes a set of all unknown parameters for the overall population, i.e.,
𝚯 = {𝜋𝑘 , 𝜽𝑘 , 𝜎𝑘2 }𝐾
. 𝜋 k is the mixing proportion of sub-population k in
𝑘=1
the overall population of chloride ingress proﬁles and it satisﬁes {𝜋𝑘 ∶
∑𝐾
0 < 𝜋𝑘 < 1;
𝑗=1 𝜋𝑗 = 1}.
For any individual chloride ingress trajectory, it has the probability of 𝜋 k belonging to sub-population k. To characterize the potential
nonlinear proﬁle patterns of chloride concentration trajectories for all
sub-populations, basis functions are considered to approximate the subpopulation speciﬁc mean trajectory function 𝜂 k ( · ), which can be explicitly written as
𝜂𝑘 (𝑥𝑖𝑗 ; 𝜽𝑘 ) ≈ 𝜷 T𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝑘 = 1, 2, ⋯ , 𝐾,

(3)
T

where 𝝋𝑘 (𝑥ij ) = (𝜑𝑘,0 (𝑥ij ), 𝜑𝑘,1 (𝑥ij ), ⋯ , 𝜑𝑘,𝑣 (𝑥ij ))
denotes a vector of 𝑣 + 1 speciﬁc basis functions for sub-population k and
𝜷 𝑘 = (𝛽𝑘,0 , 𝛽𝑘,1 , ⋯ , 𝛽𝑘,𝑣 )T denotes the corresponding vector of 𝑣 + 1
coeﬃcients. Diﬀerent basis functions, such as polynomial basis, splines
and eigenbasis, can be speciﬁed. The remaining approximation error
can be included in 𝜖 k . Based on such formulation of basis function
expansion, 𝜂 k ( · ) is well represented as a linear function of coeﬃcients
parameters but a nonlinear function of ingress depths, which balances
both the modeling tractability and modeling ﬂexibility. The proposed
model formulation in Eqs. (1)–(3) is speciﬁcally tailored for characterizing heterogeneous and nonlinear proﬁles patterns of chloride ingress
proﬁles as displayed in Fig. 1.

𝑖=1 𝑘=1

Instead of maximizing 𝐿(𝚯|D) directly, E–M estimation algorithm allows
iteratively performing two major steps, namely the Expectation step (Estep) and the Maximization step (M-step), to overcome the estimation
diﬃculties. At iteration r, E-step requires computing the conditional expectation of the augmented log-likelihood function log(𝐿(𝚯|D, Z)), i.e.,
𝑄(𝚯, 𝚯(𝑟−1) ) = 𝐄Z|D,𝚯(𝑟−1) [log(𝐿(𝚯|D, Z))], which can be explicitly written
as
]
[
𝑛𝑖
𝑁 ∑
𝐾
∑
∑
(
)
𝑄(𝚯, 𝚯(𝑟−1) ) =
𝑃𝑖𝑘(𝑟−1) log(𝜋𝑘 ) +
log 𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷 T𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘2 ) ,

2.2. Model estimation
To estimate the model in Section 2.1, let 𝚯 = {𝜋𝑘 , 𝜷 𝑘 , 𝜎𝑘2 ∶ 𝑘 =
1, 2, ⋯ , 𝐾} denote a collection of all unknown parameters and 𝐃 =
{𝑦ij , 𝑥ij ∶ 𝑖 = 1, 2, ⋯ , 𝑁; 𝑗 = 1, 2, ⋯ , 𝑛𝑖 } denote the chloride ingress proﬁles of multiple extracted concrete cores obtained from the ﬁeld survey.
Maximum Likelihood Estimation (MLE) can be employed for model estimation and the likelihood function 𝐿(𝚯|D) can be explicitly written as
𝐿(𝚯|D) =

𝑁 ∑
𝐾
∏
𝑖=1 𝑘=1

(
𝜋𝑘

𝑛𝑖
∏
𝑗=1

)
)
2

(
𝑓𝑘 𝑦𝑖𝑗 ; 𝜷 T𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘

𝑖=1 𝑘=1

𝑁
∑
𝑖=1

𝜋𝑘

∏𝑛 𝑖

where 𝚯(𝑟−1) is a collection of all known parameters at iteration 𝑟 − 1.
𝑃𝑖𝑘(𝑟−1) is the conditional expectation 𝐸(𝑧𝑖𝑘 |D, 𝚯(𝑟−1) ) and can be explicitly
given by (see appendix for detailed derivation)

(4)

𝑃𝑖𝑘(𝑟−1) = 𝐄(𝑧𝑖𝑘 |D, 𝚯(𝑟−1) )
( ∏𝑛 𝑖
)
(𝑟−1)
𝜋𝑘(𝑟−1)
𝑓 (𝑦 ; 𝜷 T𝑘
𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘2(𝑟−1) )
𝑗=1 𝑘 𝑖𝑗
.
= ∑
(𝑟−1) ( ∏𝑛𝑖
2(𝑟−1) )
𝐾
T (𝑟−1)
𝑓
(
𝑦
;
𝜷
𝝋
(
𝑥
)
,
𝜎
)
𝑘
𝑖𝑗
𝑘
𝑖𝑗
𝑘=1 𝜋𝑘
𝑘
𝑘
𝑗=1

𝜕𝜎𝑘

3
1 −(𝑦𝑖𝑗 −𝜷 T 𝝋𝑘 (𝑥𝑖𝑗 ))2
−(𝑦𝑖𝑗 −𝜷 T 𝝋𝑘 (𝑥𝑖𝑗 ))2
𝑘
𝑘
exp(
)[−𝜋(2𝜋𝜎𝑘2 )− 2 + (2𝜋𝜎𝑘2 )− 2
𝑗=1
2𝜎 2
2(𝜎 2 )2
𝑘
𝑘
∑𝐾
∏𝑛 𝑖
T
2
𝑓
(
𝑦
;
𝜷
𝝋
(
𝑥
)
,
𝜎
)
𝑘
𝑖𝑗
𝑘
𝑖𝑗
𝑘=1 𝜋𝑘
𝑘
𝑘
𝑗=1

𝑗=1

(7)

Directly maximizing Eq. (4) (or equivalently maximizing the loglikelihood function 𝑙(𝚯|D) = log(𝐿(𝚯|D)) involves solving a series of
complicated likelihood equations, which is analytically intractable. For
)
instance, setting 𝜕𝑙(𝚯|D
= 0, the likelihood equation for parameter 𝜎𝑘2
2
can be given by

𝑗=1

(8)

𝑃𝑖𝑘(𝑟−1) can be further meaningfully interpreted as the posterior probability of concrete core i belonging to sub-population k given model estimation results 𝚯(𝑟−1) from iteration 𝑟 − 1 and current available data D.
Once 𝑄(𝚯, 𝚯(𝑟−1) ) is calculated, M-step aims to maximize 𝑄(𝚯, 𝚯(𝑟−1) )
and the estimated parameters at iteration r can be updated as

]
= 0. (5)

The likelihood equation is complex and diﬃcult to solve because it involves N additive fractional terms, which are diﬃcult be further simpliﬁed, and each fractional term involves both complex and nonlinear
expressions at both the numerator and the denominator. No closed-form

𝚯(𝑟) = argmax𝑄(𝚯, 𝚯(𝑟−1) ) = argmax
𝚯

126

𝐾
∑

{ 𝚯𝑘 } 𝐾
𝑘=1 𝑘=1

𝑄𝑘 (𝚯, 𝚯(𝑟−1) ),

(9)
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where 𝑄𝑘 (𝚯, 𝚯(𝑟−1) ) only consists of unknown parameters from subpopulation k and is given explicitly by

complexity (via the second additive term). For BIC, it imposes a larger
penalty on the model complexity and tends to select a less number of
sub-populations. Based on the smallest values of AIC and/or BIC, the
most parsimonious number of sub-populations will be selected.

𝑄𝑘 (𝚯, 𝚯(𝑟−1) )
=

𝑁
∑
𝑖=1

𝑛𝑖
∑
𝑛𝑖
1
log(2𝜋𝜎𝑘2 ) −
(𝑦 − 𝜷 T𝑘 𝝋𝑘 (𝑥𝑖𝑗 ))2 ].
2 𝑖𝑗
2
𝑗=1 2𝜎𝑘

𝑃𝑖𝑘(𝑟−1) [log(𝜋𝑘 ) −

(10)
2.4. Classiﬁcation and factors identiﬁcation

Unlike maximizing 𝐿(𝚯|D), which is computationally cumbersome and
analytically intractable, the problem of maximizing 𝑄𝑘 (𝚯, 𝚯(𝑟−1) ) can
be solved analytically and the estimated parameters at iteration r can
be shown as (see appendix for detailed derivation)
∑𝑁 (𝑟−1)
𝑖=1 𝑃𝑖𝑘
𝜋̂ 𝑘(𝑟) =
, 𝑘 = 1, 2, ⋯ , 𝐾,
(11)
𝑁
(
)−1
̂ (𝑟) = 𝚽𝑘 (𝑿 )T 𝑷 (𝑟−1) 𝚽𝑘 (𝑿 )
𝜷
𝚽𝑘 (𝑿 )T 𝑷 (𝑘𝑟−1) 𝒀 T ,
𝑘
𝑘
∑𝑁
(𝜎̂ 𝑘2 )(𝑟)

=

(𝑟−1) ∑𝑛𝑖
(𝑦
𝑖=1 𝑃𝑖𝑘
𝑗=1 𝑖𝑗

∑𝑁

𝑖=1

T
− (𝜷̂ 𝑘 )(𝑟) 𝝋𝑘 (𝑥𝑖𝑗 ))2

𝑃𝑖𝑘(𝑟−1)

(𝑟)

,

𝑘 = 1, 2, ⋯ , 𝐾,

𝑘 = 1, 2, ⋯ , 𝐾,

Conventional heterogeneity quantiﬁcation studies often cease after
estimating the model parameters and identifying the most appropriate
number of sub-populations. In the context of the chloride ingress proﬁles studies, it will be desirable to explore and investigate how diﬀerent factors (e.g., environmental conditions, material properties and construction information of bridges, pre-existing conditions of concrete core
samples, etc.) may contribute to the heterogeneity of chloride ingress
proﬁles. Speciﬁcally, based on E–M estimation results, the estimated
sub-population membership ci of extracted concrete core i can be determined as
∏𝑛𝑖
T
𝜋̂ 𝑘 ( 𝑗=1
𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷̂ 𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎̂ 𝑘2 ))
𝑐𝑖 = argmax ∑
,
(16)
∏
𝑘=1,2,⋯,𝐾 𝐾 𝜋̂ ( 𝑛𝑖 𝑓 (𝑦 ; 𝜷
̂ T 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎̂ 2 ))
𝑘=1 𝑘
𝑘
𝑘
𝑗=1 𝑘 𝑖𝑗

(12)

(13)

T

̂ = (𝛽 (𝑟) , 𝛽 (𝑟) , ⋯ , 𝛽 (𝑟) ) and (𝜎̂ 2 )(𝑟) are updated estimates
where 𝜋̂ 𝑘(𝑟) , 𝜷
𝑘
𝑘,𝑣
𝑘
𝑘,0
𝑘,1
of sub-population proportion, (𝑣 + 1) × 1 vector of coeﬃcients and sub∑
population variability, respectively at iteration r. Let 𝑚 = 𝑁
𝑖=1 𝑛𝑖 represent the total number of observations of chloride concentration,
𝚽𝑘 (𝑿 ) = (𝝋𝑘 (𝒙1 ), 𝝋𝑘 (𝒙2 ), ⋯ , 𝝋𝑘 (𝒙𝑁 ))T is a 𝑚 × (𝑣 + 1) matrix of basis functions values evaluated at depths X from all extracted concrete cores, where depths 𝑿 = {𝑥ij ∶ 𝑖 = 1, 2, ⋯ , 𝑁; 𝑗 = 1, 2, ⋯ , 𝑛𝑖 } and

which shows that the estimated sub-population membership of an individual chloride ingress trajectory is the one that gives the maximum
posterior probability of belonging to a sub-population. To investigate
the relationship between possible external factors and the estimated
sub-population memberships, a multi-class classiﬁcation problem can
be formulated as
𝑔 ∶ ℝ𝑝 → {1, 2, … , 𝐾},

T

𝝋𝑘 (𝑥𝑖 ) = (𝝋𝑘 (𝑥𝑖1 )T , 𝝋𝑘 (𝑥𝑖2 )T , ⋯ , 𝝋𝑘 (𝑥𝑖𝑛𝑖 )T ) is a 𝑛𝑖 × (𝑣 + 1) matrix of basis functions values evaluated at depths from the 𝑖th concrete core.
𝑷 (𝑘𝑟−1) = diag(𝑃1(𝑘𝑟−1) 𝐈𝑛1 , ⋯ , 𝑃1(𝑘𝑟−1) 𝐈𝑛𝑁 ) is a m × m diagonal matrix that
contains all the posterior probabilities updated to iteration 𝑟 − 1, where
I𝑛𝑖 is a ni × ni identity matrix. 𝒀 = (𝒚 1 , 𝒚 2 , ⋯ , 𝒚 𝑁 )T is a m × 1 vector that contains all the observations of chloride concentration, where
𝒚 𝒊 = (𝑦𝑖1 , 𝑦𝑖2 , ⋯ , 𝑦𝑖𝑛𝑖 )T is the ni × 1 vector of observations of chloride concentration for the 𝑖th concrete core. The closed-form expressions in
Eqs. (11)–(13) greatly simplify the computational diﬃculties in directly
maximizing 𝐿(𝚯|D). For instance, in the direct maximization method,
estimating 𝜎𝑘2 requires solving complex nonlinear equations, as shown in
Eq. (5). Taking advantage of data augmentation method, Eq. (13) gives
closed-form updating procedures in estimating 𝜎𝑘2 . As shown in [34], as
iteration r increases, 𝚯(r) will converges to the MLE of 𝐿(𝚯|D).

where 𝒖𝑖 ∈
is a p-dimensional vector of possible factors (e.g., water chloride content, elevation of bridges, etc.) for concrete core i and
𝑐𝑖 ∈ {1, 2, … , 𝐾} is the corresponding estimated sub-population membership. Diﬀerent linear and/or nonlinear classiﬁcation methods can be
considered to estimate g. To emphasize the meaningful interpretation,
in this paper, classiﬁcation tree method is considered due to its attractive capability of visualizing and interpreting inﬂuences of diﬀerent factors as well as its feasibility in performing nonlinear multi-class classiﬁcation. Speciﬁcally, an upside down hierarchical tree is constructed to
structurally and intuitively represent the classiﬁcation model g.
The classiﬁcation tree begins with the root node which consists of
all chloride ingress trajectories with diﬀerent estimated sub-population
memberships ci ’s. The splitting criteria, namely recursive binary splitting [35], is considered to construct the classiﬁcation tree. The data at
the node will be split into two internal nodes based on the best binary
split to minimize the deviance  [36], which can be written as
∑∑
 = −2
𝑑𝑠𝑘 log(𝑝̂𝑠𝑘 ),
(18)

2.3. Determination of the number of sub-populations
To select the most appropriate number of sub-populations K in representing the heterogeneous chloride ingress proﬁles, information criteria,
such as Akaike’s Information Criterion (AIC) and Bayesian Information
Criterion (BIC), are adopted. In the context of the proposed model formulation, AIC and BIC can be explicitly written as:
[𝑁
(𝐾
)]
𝑛𝑖
∑
∑ ∏
T
AIC = −2
log
𝜋̂ 𝑘
𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷̂ 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎̂ 2 )
+ 2𝐾(𝑣 + 3), (14)
𝑖=1

BIC = −2

[𝑁
∑
𝑖=1

𝑘=1

(
log

𝐾
∑
𝑘=1

+𝐾(𝑣 + 3) log(

𝑘

𝑗=1

𝜋̂ 𝑘

∑𝑁

𝑛𝑖
∏
𝑗=1

𝑠=1 𝑘=1

where dsk is the number of observations belonging to the sub-population
k at one root node s and 𝑝̂𝑠𝑘 is the estimated probability of being classiﬁed into the sub-population k. After the node is split into two internal
nodes, the procedure will be further performed at internal nodes recursively until the leaf nodes are reached with each leaf node representing
a particular sub-population. Based on such hierarchical tree structure, it
will be straightforward for the practitioners to identify and quantify the
inﬂuence of diﬀerent factors which may determine the heterogeneity of
chloride ingress proﬁles.
Given a bridge location (at age t0 ) to be pre-assessed before ﬁeld
inspection and its external factors information, the established classiﬁcation model in Eq. (17) will predict which sub-population this location
will most likely belong to. For the resulting sub-population, the estimated chloride concentration mean trajectory will serve as the predicted
chloride ingress trajectory, denoted as 𝑦̂(𝑥, 𝑡0 ) at age t0 and depth x. With
the predicted trajectory, the corrosion initiation time of this bridge location to be inspected can be further evaluated based on the physical

𝑘

)]
T

𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷̂ 𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎̂ 𝑘2 )

𝑖=1 𝑛𝑖 ),

(17)

ℝ𝑝

(15)

̂ is a collection of estimate model parameters based on the E–
where 𝚯
M estimation procedure described in Section 2.2. 𝑣 + 3 is the number
of model parameters for a homogeneous sub-population and 𝐾(𝑣 + 3) is
the total number of model parameters for the heterogeneous population.
Both AIC and BIC select the most appropriate number of sub-populations
by balancing the goodness of ﬁt (via the ﬁrst additive term) and model
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Fig. 3. The ﬂow chart of ﬁeld survey on chloride ingress process.

Fig. 4. BIC and AIC results for diﬀerent numbers of sub-populations.

3. Case study

model of Fick’s second law [37] given by
(
𝑦̂(𝑥, 𝑡) = 𝐶0

(

𝑥
1 − erf √
2 𝐷𝑡

3.1. Field survey and data description

))
,

(19)

To illustrate the proposed chloride ingress characterization and heterogeneity quantiﬁcation framework, a ﬁeld survey was conducted by
the corrosion engineering laboratory group at the University of South
Florida to extract multiple concrete cores from a series of RC structure
marine bridges in the inventory of FDOT [19,40]. Comprehensive information of extracted concrete cores and their associated characteristics
(e.g., elevation, core length, wet resistivity, etc.) were evaluated and
collected at the laboratory. Additional multi-source information, such
as bridge identity information (e.g., names, locations, year built, etc.),
substructure information (e.g., age, concrete class, ﬂy ash type, etc.)
and environmental information (e.g., water chloride content, water to
cementitious content ratio, etc.), were further integrated from FDOT
Material Oﬃce documentations.
Fig. 3 gives a ﬂow chart description to illustrate the process of transforming extracted concrete cores from marine bridges substructures
into chloride ingress proﬁles data. 13 bridges were selected from the
bridges inventory of FDOT in the ﬁeld survey. Their concrete substructures which had exposures to seawater environments were investigated
and concrete cores were drilled from diﬀerent spots of substructures.
Extracted concrete cores were sliced into multiple slices with diﬀerent
depths from concrete surface. The depth of concrete surface was set as
0. Ground concrete powder of slices were obtained by grinding the concrete core slices. Chemical analysis was performed and the acid-soluble
chloride concentration observations were obtained to measure the chlo-

where C0 and D are the surface chloride concentration and diﬀusion
coeﬃcient, respectively, which can be estimated based on the available
predicted chloride ingress trajectory 𝑦̂(𝑥, 𝑡0 ). erf(w) is the error function
2
𝑤
expressed as erf(𝑤) = √1 ∫−𝑤 𝑒−𝑡 𝑑𝑡. Once the chloride concentration at
𝜋

concrete cover depth dc , 𝑦̂(𝑑𝑐 , 𝑡0 ), exceeds the critical threshold chloride
concentration CT , the chloride-induced corrosion will be initialized. The
remaining corrosion initiation time, tc , can be therefore calculated as
𝑡𝑐 = inf{𝑡 ∶ 𝑦̂(𝑑𝑐 , 𝑡) ≥ 𝐶𝑇 } − 𝑡0 .

(20)

To quantify the prediction variability of the resulting tc , Monte Carlo
simulation [38] can be performed to generate predicted chloride ingress
trajectory samples within the sub-population speciﬁc trajectory bounds.
The corresponding predictive samples of corrosion initiation time can
be obtained accordingly using Eqs. (19) and (20). In addition, other informative pre-assessment measures, such as the corrosion initiation time
distribution and the probability of not having corrosion initiated over
time can be also obtained by assuming dc and CT as random quantities [39] to characterize uncertainties of concrete cover thickness and
chloride corrosion threshold, respectively.
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Fig. 5. Estimated mean chloride concentration trajectories (solid line) and variability bounds (dashed line) of sub-populations 1–7.
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Fig. 6. Exploratory data analysis using classiﬁcation trees.
Table 1
Summary of variables selected from chloride ingress proﬁles.
Variables

Data description

Data type

Unit

yij
xij
u1
u2
u3
u4
u5
u6
u7

Chloride concentration
Depth from concrete surface
Cores extraction spot elevation
Age of the bridge
Water chloride content
Water to cementitious content ratio
Cement factor
Pre-existing crack condition
Concrete class

Numerical
Numerical
Numerical
Numerical
Numerical
Numerical
Numerical
Categorical
Categorical

Kilogram per cubic meter (kg/m3 )
Centimeter (cm)
Meter (m)
Years
Microliter/liter: (μL/L)
1
Kilogram per cubic meter (kg/m3 )
Existing or non-existing
Class numbers

ride ingress of diﬀerent extracted cores. There were totally 148 concrete
cores extracted from various locations of bridge substructures and 754
observations of chloride concentration were obtained together with the
corresponding depths.
Based on data pre-processing and domain knowledge of expertise, a
subset of external factors, denoted as u1 , u2 , ⋅⋅⋅, u7 , were selected in this
case study to explore their inﬂuence on heterogeneity of chloride ingress
proﬁles. Table 1 gives detailed description of chloride ingress proﬁles
data and several selected variables. Other information, such as variables

with redundant information and missing values, irrelevant variables
based on judgment of engineering expertise, and highly-correlated variables, are excluded. Some external environmental factors, such as relative humidity (RH) and temperature [41], may also aﬀect the chloride
ingress process via repetitive thermal cycles of expansion-contraction
and humidity cycles of hydration-dehydration. However, quantifying
their eﬀects requires the detailed condition-based monitoring data, such
as temporal evolving and spatially varied temperature and humidity
proﬁles at various locations where RC cores are extracted, which is not
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Fig. 7. Goodness of ﬁt comparison among diﬀerent models.

Table 2
Parameters estimation results.

available in this paper. It will be desirable to incorporate them in the
future if more detailed monitoring data of those locations becomes available, for which the proposed framework will still remain the same. It is
also noticed that in Table 1, some variables, such as spot elevation and
water chloride content, could serve as the surrogate variables to reﬂect
the environmental conditions (e.g., RH, airborne chloride concentration,
etc.) to certain extent.

K

k=1
k=2
k=3
k=4
k=5
k=6
k=7

3.2. Heterogeneity quantiﬁcation results
As shown in Fig. 1, the chloride concentration trajectories exhibit heterogeneous nonlinear proﬁles patterns. To represent such
nonlinear proﬁles patterns of the heterogeneous chloride concentration, third-degree polynomial basis functions are considered for
each sub-population, i.e., 𝝋𝑘 (𝑥𝑖𝑗 ) = (1, 𝑥𝑖𝑗 , 𝑥2𝑖𝑗 , 𝑥3𝑖𝑗 )T , 𝑘 = 1, … , 𝐾. 𝜷 𝑘 =
[𝛽𝑘,0 , 𝛽𝑘,1 , 𝛽𝑘,2 , 𝛽𝑘,3 ]T refers to the corresponding vector of unknown coefﬁcients that characterize the 𝑘th sub-population. The third-degree polynomials are considered to capture reasonable nonlinearity from chloride
ingress proﬁles while maintaining the simplicity of the model complexity of each sub-population.
Fig. 4 shows the model selection results by varying the number of
sub-populations from 1 to 10. Based on the smallest values of both AIC
and BIC, the most appropriate number of sub-populations is selected
as 7. The corresponding model estimation results are summarized in
Table 2. For sub-population k, 𝜋̂ 𝑘 quantiﬁes its proportion in the overall
heterogeneous population of chloride ingress proﬁles. Estimated coefﬁcients characterize the sub-population speciﬁc nonlinear proﬁle pattern of sub-population k and 𝜎̂ 𝑘2 captures the variability within such
sub-population.
To explicitly show the heterogeneous patterns of chloride concentration of diﬀerent sub-populations, Fig. 5 displays all the seven estimated sub-population mean trajectories (solid line), i.e., 𝜂̂𝑘 (𝑥𝑖𝑗 ) =
T
𝜷̂ 𝝋𝑘 (𝑥𝑖𝑗 ), 𝑘 = 1, 2, ⋯ , 7, 𝑖 ∈ 𝑁𝑘 respectively, which represent the mean

Parameters
𝜋̂ 𝑘

𝛽̂𝑘,0

𝛽̂𝑘,1

𝛽̂𝑘,2

𝛽̂𝑘,3

𝜎̂ 𝑘2

0.1286
0.1546
0.0811
0.1791
0.1883
0.1636
0.1047

3.3787
1.2917
3.3473
2.1062
3.0825
3.6427
2.0266

−3.3532
−2.1350
−0.9385
0.4659
0.4720
−2.5514
−0.8643

−0.0811
−0.2271
−0.4428
−0.6317
−0.6496
−0.2061
−0.4309

0.0083
0.0128
0.0203
0.0264
0.0272
0.0125
0.0197

0.2382
0.4258
0.0978
0.3039
0.1539
0.1349
0.2337

level of chloride concentration within each sub-population. For each
mean trajectory, variability bounds (dashed line), i.e., 𝜂̂𝑘 ± 2𝜎̂ 𝑘 , are also
calculated to account for 95% approximate variability within each subpopulation. They indicate that 95% of chloride concentration trajectories from a sub-population will lie within their sub-population speciﬁc
variability bounds. Diﬀerent proﬁles patterns can be clearly observed
from the visualization plots.
Sub-populations 1, 2, 3, 6 and 7 have the overall decreasing proﬁles
patterns with various intercepts (i.e., baseline chloride concentrations
at depth zero). Their minimum depths where chloride concentrations
become zeros also vary. For instance, sub-population 6 has the highest average chloride concentration at depth zero and has zero chloride
concentration when depth exceeds about 4.45 cm while sub-population
2 has the lowest average chloride concentration at depth zero and has
zero chloride concentration when depth exceeds about 3.18 cm. Subpopulations 4 and 5 have the similar patterns of ﬁrst slightly increasing,
stabilizing at certain chloride concentration level and then decreasing.
For instance, as the depth from the surface increases, chloride concentration levels of sub-populations 4 and 5 ﬁrst slightly increase, stabilize at average levels of 6 and 12 kg/m3 at around depth 1.27 cm and

𝑘
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Fig. 8. Prediction performance comparison among diﬀerent models.

then begin to decrease afterwards. The sub-population speciﬁc variability also varies from sub-population to sub-population and most of the
chloride concentration observations have been covered within the variability bounds, which indicates that the goodness of ﬁt of the proposed
model is satisfactory.
After the heterogeneous population of chloride ingress proﬁles being
explicitly identiﬁed and quantiﬁed, it is still unclear that which factors
will inﬂuence and how they inﬂuence such heterogeneity. The multiclass classiﬁcation problem is formulated by treating sub-populations
as response variable and diﬀerent factors (e.g., u1 , u2 , etc.) in Table 1 as
independent variables. The classiﬁcation trees method is employed for
multi-class classiﬁcation due to its great interpretability and ﬂexibility.
Classiﬁcation results are visualized in Fig. 6 with leaf nodes representing
the classiﬁed sub-populations (in short, written as “sub-”). Diﬀerent factors’ inﬂuence on chloride ingress proﬁles heterogeneity can be directly
visualized in this compact tree structure. u1 represents cores extraction
spot elevation and is a dominating factor in determining diﬀerent subpopulations via splitting several internal nodes into leaf nodes. For instance, “sub-1” and “sub-2” are split based on the splitting criterion of
u1 ≤ 0.275 m and “sub-4” and “sub-7” are split based on the splitting
criterion of u1 ≤ 0.45 m. A lower elevation yields an ingress proﬁle sub-

population with high chloride concentration (e.g., sub-1 or sub-4) and
vice versa. This is also consistent with the physical knowledge since
when bridge substructures are much closer to the sea level, seawater
is more likely to have direct contact with concrete surface and both the
surrounding RH and airborne chloride concentration will be higher. Under the more saturated conditions, more chloride ions will accumulate
in the pores of the concrete surface and further diﬀuse into the interior
of the concrete.
Several other external factors, such as u3 of water chloride content,
u6 of pre-existing crack conditions and u7 of concrete class, are also relevant in diﬀerentiating leaf nodes with diﬀerent sub-populations. For
instance, when the environmental condition of water chloride content
is higher than 4.304 μL/L, internal node is split into “sub-5” with relatively high chloride concentration. For those which have lower levels
of water chloride content, pre-existing crack condition further divides
the internal node into two leaf nodes. Leaf node is “sub-4” or “sub-5”
when pre-existing crack condition exists or does not exist. With the preexisting crack condition, leaf node ”sub-5” has higher chloride concentration than “sub-4” which does not have any crack conditions, since
pre-existing crack condition may also serve as an accelerating factor
to facilitate chloride ions diﬀusion. In addition, when concrete class of
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Fig. 9. Comparison of corrosion initiation time and reliability function for a 10-year-old bridge.

extracted core has low (or high) material quality, internal node is split
into leaf node of “sub-1” (or “sub-2”) with higher (or lower) chloride
concentration.

diction performance among four models. Predicted chloride ingress trajectories are ﬁrst predicted based on four models. Once chloride ingress
trajectories are available, corrosion initiation times can be further calculated based on Fick’s second law. It emulates the scenario before extracting concrete cores when chloride ingress proﬁles data is not available and only those external factors information and historical chloride
ingress proﬁles data is available. Observed corrosion initiation times are
calculated based on the observed chloride ingress proﬁles. It emulates
the scenario when concrete cores are extracted and laboratory analysis are performed. Chloride ingress proﬁles are directly available and
are analyzed based on Fick’s second law. As shown in Fig. 8, the proposed model exhibits superior prediction accuracy (e.g., predicted values closer to observed values) and precision (e.g., narrower prediction
variability) compared to alternative models.
In addition, other informative pre-assessment measures, such as corrosion initiation time distribution and reliability function, can also be
obtained, where reliability function is deﬁned as the probability quantity of corrosion being not initialized till time t if the occurrence of
corrosion initiation is treated as the critical event of interest. Considering a bridge location to be inspected at age 10, the proposed

3.3. Goodness of ﬁt and performance comparison
To demonstrate the performance of the proposed work and emphasize the importance of characterizing nonlinearity and heterogeneity
of historical data in improving pre-assessment accuracy, three alternative data modeling approaches are considered in analyzing historical
chloride ingress proﬁles data, namely (a) model I with homogeneous
and nonlinear assumption; (b) model II with heterogeneous linear assumption; and (c) model III with homogeneous and linear assumption.
Fig. 7 compares the goodness of ﬁt among four models. Compared with
alternative models with homogeneous and/or linear assumptions, the
proposed mixture model can capture the heterogeneous and nonlinear nature of chloride ingress proﬁles with better goodness of ﬁt (i.e.,
smaller AIC or BIC).
Considering some chloride ingress proﬁles as testing samples and
making them unavailable to all four models, Fig. 8 compares the pre133
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pre-assessment model may classify this location into one of seven different sub-populations based on diﬀerent external factors information
of this location, such as spot elevation, water chloride content, concrete
class, etc. Fig. 9 shows the corrosion initiation time boxplots and reliability functions of seven sub-populations as well as pre-assessment
results based on the homogeneous data modeling approach. As shown
in Fig. 9, if neglecting heterogeneity modeling, the corresponding corrosion initiation time or reliability function will be identical regardless
of the inﬂuence of diﬀerent external factors, which may be more likely
to under-estimate or over-estimate chloride-induced conditions of locations to be inspected.

1 ∗ Pr(𝑧𝑖𝑘 = 1)Pr(𝑦𝑖𝑗 , 𝑥𝑖𝑗 |𝒛𝑖 , 𝚯(𝑟−1) ) + 0 ∗ Pr(𝑧𝑖𝑘 = 0)Pr(𝑦𝑖𝑗 , 𝑥𝑖𝑗 |𝒛𝑖 , 𝚯(𝑟−1) )

=

∏𝑛 𝑖
𝜋𝑘(𝑟−1) ( 𝑗=1

= ∑
𝐾

𝑘=1

𝜋𝑘(𝑟−1) (

Pr(𝑦𝑖𝑗 , 𝑥𝑖𝑗 |𝚯(𝑟−1) )
(𝑟−1)
(𝑟−1)
𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷 T𝑘
𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘2
))

∏𝑛 𝑖

𝑗=1

𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷 T𝑘

(𝑟−1)

𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘2

(𝑟−1)

,

(A.1)

))

where Pr( · ) is the probability function and z is the realization of the
discrete random variable zik .
Appendix B. Derivations of 𝝅 (𝒓)
𝒌

As described in Eq. (7), 𝜋𝑘(𝑟) is the maximizer of 𝑄(𝚯, 𝚯(𝑟−1) ) at iter∑
ation r. Since 𝐾
𝑘=1 𝜋𝑘 = 1, the constrained maximization problem to be
solved can be written as

4. Conclusion
An evidence-based analytical framework of pre-assessing chlorideinduced corrosion conditions in marine infrastructures is presented in
this paper by leveraging the historical heterogeneous chloride ingress
proﬁles data extracted from multiple bridge substructures and inexpensive external factors information available from bridge inventory
database. A series of analytical models and estimation procedures have
been developed to improve the pre-assessment accuracy by explicitly addressing the data heterogeneity issue in the historical chloride ingress
proﬁles. Speciﬁcally, a mixture of basis function model is formulated
to quantify the latent heterogeneity of historical chloride ingress proﬁles and represent their nonlinear trajectory patterns within each homogeneous sub-population. To facilitate the model estimation convenience, the data augmentation technique and E–M estimation framework are employed with closed-form iterative updating procedures obtained. Information criteria is considered for identifying the most appropriate number of sub-populations in representing heterogeneous chloride ingress proﬁles and a multi-class classiﬁcation problem is further
formulated to associate latent heterogeneity with diﬀerent inexpensive
external factors information, such as bridge information, concrete information and environment conditions. Based on such identiﬁed inexpensive external factors information, chloride ingress trajectory of a location to be inspected can be predicted with rich and informative preassessment measures obtained. The proposed works of model formulation, estimation, selection, classiﬁcation and factors identiﬁcation, and
post analysis can provide an integrated and coherent framework for preassessment of chloride-induced corrosion conditions of bridge locations
to be inspected before performing in-depth inspection studies of cores
extraction and laboratory analysis. The resulting pre-assessment results
will provide informative and supportive information for inspection prioritization and resource allocation decisions of maintenance and rehabilitation crews during the ﬁeld inspection of rapidly aging and capitalintensive critical infrastructure systems.

𝜋𝑘(𝑟) = argmax𝑄(𝚯, 𝚯(𝑟−1) ),
𝜋𝑘

s.t.

𝐾
∑
𝑘=1

𝜋𝑘 = 1

(B.1)

Lagrange Multiplier technique is considered to transform Eq. (B.1) into
an unconstrained optimization problem as 𝜋𝑘(𝑟) = argmax(𝜋𝑘 , 𝜆), where
𝜋𝑘 ,𝜆

the auxiliary function (⋅) can be written as
[
]
𝑛𝑖
𝑁 ∑
𝐾
∑
∑
(
)
(𝑟−1)
T
2
(𝜋𝑘 , 𝜆) =
𝑃𝑖𝑘
log(𝜋𝑘 ) +
log 𝑓𝑘 (𝑦𝑖𝑗 ; 𝜷 𝑘 𝝋𝑘 (𝑥𝑖𝑗 ), 𝜎𝑘 )
𝑖=1 𝑘=1

(

+𝜆 1 −

𝐾
∑
𝑘=1

By taking derivatives,
ten as
𝑁
∑
𝑃𝑖𝑘(𝑟−1)

𝜋𝑘

𝑖=1

𝑗=1

)
𝜋𝑘

(B.2)

𝜕 (𝜋𝑘 ,𝜆)
𝜕 𝜋𝑘

= 0 and

𝜕 (𝜋𝑘 ,𝜆)
𝜕𝜆

= 0 can be explicitly writ-

−𝜆=0

(B.3)

and
1−

𝐾
∑
𝑘=1

𝜋𝑘 = 0.

(B.4)

Based on Eqs. (B.3) and (B.4), the maximizers can be derived as 𝜋̂ 𝑘(𝑟) =
∑𝑁

(𝑟−1)
𝑖=1 𝑃𝑖𝑘

𝑁

and 𝜆̂ = 𝑁.

Appendix C. Derivations of 𝜷 (𝒓)
𝒌

As shown in Eq. (10), 𝜷 (𝑘𝑟) is the maximizer of 𝑄𝑘 (𝚯, 𝚯(𝑟−1) ) at iteration r, which only consists of unknown parameters from sub-population
𝜕𝑄 (𝚯,𝚯(𝑟−1) )

k. By taking the ﬁrst derivatives, 𝑘 𝜕 𝜷
= 0 can be explicitly writ𝑘
ten as
1
1
1
1
((𝑷 (𝑘𝑟−1) ) 2 𝚽𝑘 (𝑿 )T ((𝑷 (𝑘𝑟−1) ) 2 𝒀 − (𝑷 (𝑘𝑟−1) ) 2 𝚽𝑘 (𝑿 )𝜷 𝑘 ) = 0.
(C.1)
𝜎𝑘2
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Based on Eq. (C.1), the estimated maximizers in Eq. (12) can be obtained
−1
̂ (𝑟) = (𝚽𝑘 (𝑿 )𝑇 𝑷 (𝑟−1) 𝚽𝑘 (𝑿 )) 𝚽𝑘 (𝑿 )T 𝑷 (𝑟−1) 𝒀 T .
as 𝜷

Appendix A. Derivations of 𝑷 (𝒓−𝟏)

estimation of 𝜎𝑘2 ,

𝑘

(𝑟)

As shown in Eq. (10), 𝜎𝑘2 is the maximizer of 𝑄𝑘 (𝚯, 𝚯(𝑟−1) ) at iteration r, which only consists of unknown parameters from sup-population
(𝑟)
k. By taking the derivatives and updating 𝜷̂ from iteration r in the
(𝑟)

𝑘

= 0 can be explicitly written as

𝑛𝑖
⎡ 𝑛
⎤
∑
T
1
1
𝑃𝑖𝑘(𝑟−1) ⎢− 𝑖
2𝜋 +
(𝑦𝑖𝑗 − (𝜷̂ 𝑘 )(𝑟) 𝝋𝑘 (𝑥𝑖𝑗 ))2 ⎥ = 0. (D.1)
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Based on Eq. (D.1), the estimated maximizers in Eq. (13) can be obtained
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