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Lump-type solutions, rationally localized in many directions in the space, are analyzed
for nonlinear differential equations derived from generalized bilinear differential equa-
tions. By symbolic computations with Maple, positive quadratic and quartic polynomial
solutions to two classes of generalized bilinear differential equations on f are computed,
and thus, lump-type solutions are presented to the corresponding nonlinear differen-
tial equations on w, generated from taking a transformation of dependent variables

u=2(nf)z.
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1. Introduction

The Hirota direct method?! is one of the most powerful approaches for constructing
multi-soliton solutions to integrable nonlinear equations. Its successful idea is to use
a transformation of dependent variables to convert nonlinear differential equations
into bilinear forms defined in terms of bilinear derivatives called the Hirota bilinear
derivatives. Such bilinear forms have been generalized by adopting new rules of
taking signs.2 New broader classes of new nonlinear differential equations derived
from generalized bilinear equations have been presented, and their resonant soliton
solutions have been constructed by adopting the linear superposition principle.?3
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In recent years, there has been growing interest in rationally localized solutions
in the space,*” particularly lump solutions, localized in all directions in the space
(see, e.g., Refs. 8-12 for typical examples). The KPI equation,

(ut + 6Uty + Upgg)z — Uyy =0 (1)

has the following lump solution!3:

—[z + ay + (a® — b*)t)2 + b*(y + 2at)? + 3/b?
{[z +ay + (¢® = V*)t]* + 02(y + 2at)* + 3/b%}2

where a and b # 0 are two free real constants. More generally, the KPI equation

(1) admits the following lump solution'#:

4(a1? 4 a5®) f — 8(a1g + ash)?
I? ’

u =

(2)

3(&12 +a52)3
(alaﬁ - 02@5) ’

3)

u=2(Inf);, = f=g+n+

where

aras® — arae? + 2azasa6
CL12 +£L52

g=a1x+ axy + t+ay,

2a1a206 — a22a5 + a5a62
a12 +a52

h =asx + agy + t+ag,

the six parameters a1, as, a4, a5, ag and ag being free real constants satisfying a;ag—
asas # 0. Rogue wave solutions, which draw big attention from research scientists

15,16 and such

worldwide, are a particularly interesting class of lump-type solutions,
solutions could be used to describe significant nonlinear wave phenomena in both
oceanography!” and nonlinear optics.!® There are various discussions on general
rational function solutions to integrable equations such as the KdV, KP, Boussinesq
and Toda equations.t®23 It has become a very interesting topic to search for lump
solutions or lump-type solutions, rationally localized solutions in many directions
in the space, to nonlinear differential equations, based on Hirota bilinear forms and
generalized bilinear forms.

Lump solutions to nonlinear differential equations possessing Hirota bilinear
forms are analyzed in a recent paper.2* The basis of success is a set of Hirota bi-
linear forms and the primary object is a class of multi-variate positive quadratic
functions. Necessary and sufficient conditions for the existence of positive quadratic
function solutions are presented for general Hirota bilinear equations. Such poly-
nomial solutions yield lump solutions to nonlinear differential equations derived
from Hirota bilinear equations under a transformation of either v = 2(In f), or
w=2(In f)q.

In this paper, we would like to consider generalized Hirota bilinear equations,
and focus on the two classes of generalized bilinear differential equations involv-
ing the prime number p = 3 presented in Ref. 2. We will search for their positive
quadratic and quartic function solutions by symbolic computation with Maple.
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Further, we will present lump-type solutions to the corresponding nonlinear differ-
ential equations generated by u = 2(In f),. It is hoped that the study will help us
recognize characteristics of nonlinearity more concretely. A few concluding remarks
will be given at the end of the paper.

2. Generalized Bilinear Equations
2.1. Hirota bilinear derivatives and bilinear equations

Let M be a natural number and x = (21, 2, . . . ,xM)T be a column vector of RM.
For f, g € C(RM), the Hirota bilinear derivatives are defined as follows:

M

DY Dy - Dy f - g = [0, — 0u)™ f(2)g(2)|ar=a » (4)
=1

where 2’ = (24, 2),...,2,)T and ny,...,ny are arbitrary nonnegative integers.
For example, we can compute

Dif-9=fe.9— [9z::
DiDjf'g = f:l?itil)jg + fin,I]’ - fxig:l?j - fmjgzi .

Assume that D = (D1, Ds, ..., Dy), where each D; is the first-order Hirota bilinear
derivative with respect to x;.
One important property of the Hirota bilinear derivatives is that

DDy, Dif -g=(-1)*D;,D;,---Dj,g- f,

where 1 < iq,19,...,i < M need not be distinct. It then follows that if & is odd,
we have

Dy D;,---D; f-f=0.
We are interested in the following general Hirota bilinear equation:
PD)f-f=P(D1,Da,....Du)f- [ =0, (5)

where P is a polynomial in M variables. This equation is bilinear indeed. Since the
terms of odd powers are all zeros, we can assume that P is an even polynomial, i.e.,
P(—z) = P(x), while discussing Hirota bilinear equations.

For convenience’s sake, we adopt the notation,

o f
ipigein = s, 1 <i1,%2,...,0 <M. 6
fl 20l 8$i16$i2"'8$ik 11,12 1k ( )

Therefore,
DiD;f-f=2(fi;f — fifi), 1<i, j<M, (7)
and

D;D;Di.Dyf - f =2[fijif — fijefi — fijifu — firafi — fimfi + fijfra
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25-27

Motivated by Bell polynomial theories on soliton equations, we take one of the

transformations:

u = 2(111 f)’ﬁw U = 2(1n f)$1$1 (9)

to formulate nonlinear differential equations from Hirota bilinear equations. All
integrable nonlinear equations are such examples.!?8 For example, for the KdV
equation,

Ut + 6UUE + Ugyy =0,
and the KPI and KPII equations,
(ut + 6uty + Upgz)s + OUyy =0, o =F1,

the transformation v = 2(In f),, provides a link to the (141)-dimensional Hirota
bilinear form,

(DD + Dy)f - f =0, (10)
and the (2+1)-dimensional Hirota bilinear form,
(DoDy + Dy +oD))f - f =0, (11)
respectively.
If a polynomial solution f to a bilinear equation is positive, then the solution u
defined by any of the transformations in (9) is analytical and most likely, rationally

localized in all directions in the space, and thus, it often presents a lump solution
to the corresponding nonlinear differential equation.

2.2. Generalized bilinear derivatives

Let p € N be given. For f,g € C®(RM), the so-called generalized bilinear deriva-
tives are defined as follows?:
M
(Dpi Dy Dpiiy f - 9)(@) = [ [ (O, + 00u)™ f(2)9(2") 2=
i=1

S el () er swoiate). 2
1=17;=0 ¢
where z' = (2}, h,...,2),)T,n1,...,ny are arbitrary nonnegative integers, and

for any integer m, the mth power of « is defined by
o™ = (_l)r(m)

with r(m) being the remainder of m divided by p: m = r(m) mod p with 0 <
r(m) < p, and thus, m — r(m) = kp for some integer k. It is easy to see that

Dp; =D}, 1<n<p-1,

where 1 <7< M and p > 2.
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When p = 2k (k € N), the generalized bilinear derivatives reduce to the Hirota
bilinear derivatives, since m — r(m) is even and we have a™ = (—1)"(™) = (—1)™.
Therefore, Doy ; = D; for 1 <i < M.

Now, we consider p = 3, and then, we have

a=-1, a’=a*=1, a*=-1, o®=a=1,....

It is direct to get
Dsif-9g=Dif-9=fig—f9i,
DsiDs jf-9=DiD;f-9=fijg—fi9i—fig9;+ [,
D3, D3 jDs i f-9= fijkg— fij9rx— fikg; + [i9jk — [ikgi+ [ 9ik+ [k gij + [ Gijr
Ds3iD3 ;D3 kD31 f-9= fijeig— fijegi— fijigr+ fij e — firrgi + firgn
+ fugix+ figik— [inigi + finga+ Figin+ [ 9irt
+ frgii + frgiji+ fi9i56 — fGijht-
Therefore, when g = f, we obtain
Dsif-f=/fif—[ffi=0,
D3 ;D3 f - f=2(fi;f = fifi),
D3 D3 ;Dsif - f =2fijkf,
D3 ;D3 iDs3 D3 f - f = 2(fijfra + fiefi + fafir) -

(13)

In particular,

D3, f-f=2fuf — f2), Di.,f-f=2fuf Di.f-f=6f1  (14)

2.3. Generalized bilinear equations and polynomial solutions

Let P(x) be a polynomial in z € R™ with degree dp and P(0) = 0 (P may not be
even). Suppose that p > 2 is an integer. Formulate a generalized bilinear equation
as follows:

P(Dy))f-f=0, (15)

Where D<p> = (Dp’l, Dp_rg, ey Dva).

We consider polynomial solutions f(z) with the independent variable x € RM.
For a monomial Py(z) = " -z}, noting that (i) deg(f) = 0 if and only if
f = const. # 0 and (ii) deg(0) = —oo, we have

deg(Py(D ) f - f) < 2deg(f) — deg(Pr),
since
ot oim oni—i oM —im

79( <P>)f f ; Jazjll ax%x[f 81,7111—J1 81:?;41%-]»1

f(=)
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for some real constants a; with J = (j1,...,jum). As a corollary, for a linear or
quadratic function f (i.e., deg(f) < 2), we have
Pe(Dipy)f - f=0, (16)

when deg(Py) > 5.

In general, if f is a polynomial solution to the generalized bilinear equation
(15), then the coefficients of f satisfy a group of nonlinear algebraic equations. For
example, if f(z,t) = ax? + 2bxt + ct? + dx + et + g is a solution of the bilinear KAV
equation (10), then we have

ab = ac = ae = bc = cd = 12a* + 2bg — de = 0, (17)
which leads to the following three classes of solutions:

(i) f(z,t) = 2bxt + dx + et + de/(2D),
(i) f(x,t) =ct® +et +g,
(iii) f(z,t) =dz +g.

For the bilinear KAV equation with P = P(t,r) = a2t + 2%, we have
PD)f - f = 2(forf = fufe+ fozwaf = 4fuafo +3f2) =0,
when p = 2, and
P(D))f - f =2(forf = fofe +3f2:) =0,

when p = 3. Therefore, the corresponding bilinear differential equations depend on
the value of p. However, if f is quadratic, then we can easily find that

Dpif-f=Di'f-f, n=1, (18)

where 1 < 4 < M and p > 2, and thus, the same quadratic function f can solve
all generalized bilinear differential equations with different values of p > 2. We list
this result as follows.

Theorem 1. The generalized bilinear equations (15) with a given same polynomial
P but different integers p > 2 possess the same set of quadratic function solutions.

Let us denote a general quadratic function by
fx)=aTAz — 207z + ¢, (19)

where A = AT € RM*M p ¢ RM and ¢ € R, and write the polynomial P(z)
defining the generalized bilinear equation (15) as follows:

N M
Px) = Z Piy-ig iy~ T (20)

k=11i1,...,ix=1

where N = deg(P) > 1 is an integer, and pi;..i,, 1 < i1,...,0, < M,1 <k < N,
are real constants.

1640018-6
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It has been proved?* that a quadratic function f defined by (19) is positive
everywhere in RM ie., f(z) > 0, Vo € R if and only if A is positive semi-
definite, b € range(A) and ¢ — bT ATbh > 0, where AT being the Moore-Penrose
pseudoinverse of A.

Noting the properties in (16) and (18), we can see that only the coefficients p;;
and p;;i; take effect in computing quadratic function solutions. Necessary and suf-
ficient conditions on quadratic function solutions to Hirota bilinear equations have
been presented in the previous paper? indeed. Based on Theorem 1, we can have
the same criterion on quadratic function solutions to generalized bilinear equations
stated below.

Theorem 2. Let A = (aij)mxm € RMXM pe symmetric and positive semi-
definite, b € RM and ¢ € R. The quadratic function f defined by (19) solves the
generalized bilinear equation (15) with P(x) defined by (20) if and only if

M M
2 > pijmilagon + awaj + agap) +d Y pijag =0 (21)
ik, l=1 ij=1
and
M
ij=1

where A; denotes the ith column vector of the symmetric matriz A for 1 <i < M,
and d = c — bT Ath.

We point out that for distinct p, the generalized bilinear equations by (15)
may have different polynomial solutions of higher order than two. For example,
any C3-differentiable function is a solution to the equation D3f - f = 0. But if
f = f(z,t) = 2* + 2, based on (14), we can have

D5, f - f=48z(a" +17) £ 0,

which means that this quartic function f does not solve Dg’,z f-f=0.

3. Lump-Type Solutions to Two Classes of Nonlinear Differential
Equations

In general, it is difficult to find rational function solutions to nonlinear differential
equations. But using Mathematical software such as Maple, we can find polynomial
solutions to generalized bilinear differential equations.

In this section, we will try to search for positive quadratic or quartic polynomial
solutions to generalized bilinear equations. From those polynomial solutions f, we
will be able to construct lump-type solutions to nonlinear differential equations, via
the transformation of dependent variables u = (21n f),.

1640018-7
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3.1. First class of nonlinear equations
Let us begin with the following polynomial [see formula (18) in Ref. 2]:
P = clx5 + 02x3y + 033022 + cqxt + cs5yz,

where the coefficients ¢;, 1 < i < 5, are free real constants. The associated general-
ized bilinear differential equation with p = 3 reads [see (19) in Ref. 2]:

P(D3,z, D3y, D32, Dst) f - [ = 2¢1(fowwaaf — 5fewafo + 10 foze fax) + 6¢2 faa fay
+ 263fa;wzf + 204(fa:tf - facft)
+25(fyed = fyfz) = 0. (23)

Taking u = 2(In f), generates the corresponding nonlinear differential equation:

0 P(D35,D3,,D32,D34)f - f
ox 2

15 5 15 15
=c (zui + §u3um + §u4um + 10U Upry + ?UQ’UJ,%

3 . 3 3, 3
+ o gu Uy + §umuzy + iu Ugy + §umuy

9 3
+ 7 Wty + §(3u2uz + Uy, + Qui)v}

3 1 1
+c3 [uum + Uy + iuxuz + zuzuz + §(um + uum)w} + CqUugt + C5UY, = 0,

(24)

where u, = v, and u, = w,. Therefore, if f solves the generalized bilinear equation
(23), then v = 2(In f), solves the nonlinear differential equation (24).

3.1.1. Quadratic function solutions

Let us first consider quadratic function solutions to the generalized bilinear equation
(23), which involve a sum of two squares. Based on the discussion in Sec. 2, we know
that such solutions have nothing to do with ¢; and c¢3. Therefore, the coefficients ¢;
and c3 will be arbitrary real constants. Three cases of such solutions by symbolic
computation with Maple are displayed as follows.

(1) When ¢4 # 0, but ¢p and c5 are arbitrary, we have

2

a4a70a8Cs arag

f= ft—&—agx— —1Y + a4z + as
a2°Cyq a2

t+ arx + agy +

a408C5 agam
a9Cy a9

2
z+a10> + a1,

1640018-8
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where ao, ay4, as, a7, ag, a1p and aj; are arbitrary real constants satisfying as #% 0
and aq; > 0.

(2) When cocq # 0, but ¢ is arbitrary, we have
2

2 3
as(as®aiics5 — 3ar°agces)c
f{3(4 11C5 7 92)5t+a3y+a4z+a5

3&746204
(307" ) 2
asay a7"Co + ag9ai11Cs) Cs a3a40a11Cs
I t+arr — 3. Y tagz+ap| +a,
3artcacy 3ar3cy

where ag, ay,as5,a7,a9,a19 and ay; are arbitrary real constants satisfying ar; # 0
and ai; > 0.
(3) When cqc5 # 0, but ¢ is arbitrary, we have
[ = [(azaza4 — azagag + azarag + asarag)dit + azx + azy + asz + a5]2

+ [—(azazag + asagag — agasar + aragag)dit + a7z + agy + agz + a10]2 + ds

with
cs 3(as? + a7?)?(azas + arag)cs
di= —5— | dy=— ,
(a2? + a7?)cy (agag — agar)(asag — asar)cs
where a;, 1 =2,...,5,7,...,10 are arbitrary real constants satisfying asag —agar #

0 and agag — azay # 0.

3.1.2. Quartic function solutions

Let us now consider quartic function solutions to the generalized bilinear equation
(23). A direct symbolic computation with Maple tells us seven classes of positive
quartic function solutions.

(1) Solutions independent of y:

f=(a2z+asz+ a5)2 + (arx + agz + a10)2 + (a142z + a15)4 + agg,

where ao, a4, as, ar, ag, a9, @14, a15 and a1 > 0 are arbitrary real constants.
(2) Solutions independent of z:

2

ara

f= (— ; Sr+ asy + a5) + (a7z + agy + a10)2 + (a13y + a15)4 + a6,
3

where as, as, a7, as, a9, a13, a15 and a1 > 0 are arbitrary real constants.
(3) Solutions independent of x and y:

f = (a1t + asz + as)® + (agt + agz + a10)® + (a1t + a1az + a15)* + a6,

where a1, a4, as, ag, ag, aig, @11, a14, a15 and aig > 0 are arbitrary real constants.
(4) Solutions independent of = and z:

f = (a1t + azy + as5)* + (agt + agy + a0)? + (a11t + a1y + a15)* + ase,

where a4, as, as, ag, as, a9, @11, @13, a15 and a1 > 0 are arbitrary real constants.

1640018-9



Int. J. Mod. Phys. B Downloaded from www.worldscientific.com
by Y uan Zhou on 09/19/16. For personal use only.

W.-X. Ma, Y. Zhou € R. Dougherty

(5) When ¢5 # 0, but ¢, 1 < k < 4, are arbitrary, we have

2
a7agail arag A2011C4
f= (—t+a2x— y—z+a5>

a2a13 az a13Cs
agaqit a7aq1C 2
8411 7G11C4 4
+ ( + arx + agy — z—|—a10> + (a11t + a13y + a15)” + a6,
ais a13Cs

where asaiz3 # 0, ajg > 0 and all other involved parameters are arbitrary real
constants.
(6) When ¢4 # 0, but ¢, 1 < k < 3, we have

2
a4a13¢
f= (—4135$ +agz + a5> + (a1t + a13y + a15)* + asq
a11C4
where a1; # 0, a;g > 0 and all other involved parameters are arbitrary real
constants.
(7) When ¢4 # 0, but ¢, 1 < k < 3, we have

2

as3agC

f = <— 379 5t—|—a3y+a5> + (a7x—|—agz+a10)2
a7Cy

4

agay3c

+(—9135t+a13y+a15) + a6,
a7Cy

where a7 # 0, a;g > 0 and all other involved parameters are arbitrary real constants.

3.1.3. Discussions

Lump solutions are rationally localized in all directions in the space. For the exact
solutions we discussed above, this characteristic property equivalently requires
lim u(x,y,2,t) =0, VteR
e (,y,2,t) ;
where v = 2(Inf),, and obviously, a sufficient condition for u to be a
lump solution is
lim x,y,z,t) =00, VteR.
oy i, f(z,y,2,1)
We point out that all the solutions presented above do not satisfy this criterion,
but they are rationally localized in many directions in the space and thus, we call
them lump-type solutions.

We consider a special case of the parameters and coefficients for the class of
solutions in Sec. 3.1.2 (5). Choose ay = a11 = a13 = a16 = 1, a5 = a;g = a15 = 0,
a7 = —1, ag = 2 and ¢4 = ¢5 = 2. Then, we have the following positive quartic
function solution to the generalized bilinear Eq. (23):

f=Q@t4+az+2y—2)°+ 2t —x+2y+2)2+(t+y)* +1,

1640018-10
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(c)

Fig. 1. Plots of (25) at ¢t =0 with (a) 2 =0, (b) y = —1 and (¢) z = 1.

and the corresponding lump-type solution to the nonlinear differential equation
(24):
8(x — 2)
u=2(nf), = . 25
(/) 2t4+z+2y—2)2+2t—x+2y+2)2+(t+yt+1 (25)
Figure 1 shows three 3d plots of this lump-type solution at t = 0 withx =0,y = —1
and z = 1, respectively.

3.2. Second class of nonlinear equations
Let us now begin with the polynomial [see (29) of Ref. 2]:
P = 122 + o2y + cszty® + cayt

where the coefficients ¢;, 1 <1 < 4, are free real constants. The associated general-
ized bilinear differential equation with p = 3 [see (34) in Ref. 2] reads:

P(DS,anB,y, D3,t)f : f = 2C1(fm:rf - f:?) + 602fmmfacy + 203(f:camca:yyf

Taking v = (21n f), generates the corresponding nonlinear differential equation

0 P(D3,D3,,D34)f - f
ox f2

3 3 3 3 3
= C1Uypzs+Co [8u3uy + §u$uzy+ ZUQUW + o Uy + 3 (3u Uy + 2t gy +2u )w

5 27 5
~+c3 [mu4uyy + 12uuiy +5Uy Uy + Zuiuyy F16Usy Ugay +5UzUgayy + §u3u§

3 9
22Ul gy —l—uguxyy F T Uy + iuzumyy + iuxmuyy + Ty s ufl + 14Uty uy

2
Y

21
FIUUL Uy + Zu2umuyy + 24U Uy Uy + 1202 Ugy Uy +BUU 7 Uy + 18U U
2 5 3
Fgzreyy T | Uszroy +8UsUzry +2Ulpppy +3U Uggy + U tay + 15Ut gy

1640018-11
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9 11 45 , 45 ,
+§umzuy+10umumy+2uuwm+I—Gu uy—&—lluuyum—i—zu uwuy—l—zuwuy w

(a2t 20ttt ottty Pty St
SUzzrr T U Ugy Ubgge T Uz Upe T U Uy T ZUY w
2 4 2 4 2 )Y

(L L1513 N FRLIERNG I g I 0
“TUgzre T 5 U Uy T —~ UgUgy T UUzze T 5 U Uy T —~UU w Caluyt = U,
4 8 4 8 4 vt

(27)

where u, = w,.

In what follows, we will try to search for positive quadratic and quartic solutions
to the generalized bilinear equation (26) by symbolic computations with Maple.
The resulting polynomial solutions will yield lump-type and lump solutions to the
nonlinear differential equation (27).

3.2.1. Quadratic function solutions

A direct symbolic computation tells the following four classes of positive quadratic
function solutions to the generalized bilinear equation (26).
(1) When c¢i¢q4 # 0, but ¢; and ¢o are arbitrary, we have

Fe {_ (a1%as + 2a1a4a5 — azaq?)

2
C1
(a22+a52)04 t—&—am—&—azy—i—as}

+ [(a12a5 - 2(11&2&4 — a42a5)

2
c1
(22 + a57)cs t+a4x+a5y+a6}

3((11(12 + a4a5)(a12 + a42)(a22 + a52)02

(a1a5 — azaq)?cy

)

where a;, 1 < i < 6, are arbitrary real constants satisfying aias — asas # 0 and
(alag + a4a5)(}162 < 0.
(2) When c¢jc¢q4 # 0, but ¢; and ¢o are arbitrary, we have
(a42a62 - a12a32)01

2
(

= t

f a2(a3? + ag?)es + a1z 4+ asy + ag} + [

G406 — alag)(a3a4 - a1a6)61t
az(as? + as?)cs

3asaz(az? + ag?)(a1? + as?)co

a?(aras — asag)cy

2
az(azay + ayag)
+ar+ —Yy t+ag| —
aijaz — G406

where a;, 1 < i < 4 and ag are arbitrary real constants satisfying as # 0, ag # 0,
araz — agas # 0 and asaz(ajas — agap)cice < 0.
(3) When cjeq # 0, but ¢o and c3 are arbitrary, we have
f = lart + a1z + azy + a)* + [ast + asz + asy + ag)* + ag
with
(a2a42 — 2@1&4(15 — a12a2)cl
(a22 4+ as?)cy

a7 =

9
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(a12a5 — 2&1@2@4 — a42a5)61
(a2? +as?)cy

ag =

9

e — _3(a1a2 + agas)(ar? + as?)(az? + ag?)cs
? (ar1a5 — aza4)%cy ’

where a;, 1 < i < 6, are arbitrary real constants satisfying aias — asaq # 0 and
ag > 0.
(4) When ci¢4 # 0, but co and c3 are arbitrary, we have
f= (a7t + a1z + agy + a3)® + (agt + asw + a5y + ag)* + ag
with

a9 (a1a6 + a3a4)

as =

a1a3 — 406

(a1%as® — as®ag?)cy
a7 = —

CLQ((I32 + a62)04
(alas - a4a6)(ala6 - a3a4)
as = 2 2
ag(ag + ag )04
a 3((112 + (142)(&32 + a62)a2a302
9 = — )

(ar1a3 — aqag)ag?cy

where a;, 1 < i < 4 and ag are arbitrary real constants satisfying as # 0, ajas —
aqag # 0, and ag > 0.

3.2.2. Quartic function solutions

A direct symbolic computation with f involving a sum of three squares leads to
the following three classess of positive quartic function solutions to the generalized
bilinear equation (26).

(1) Case I involving a sum of three squares:

2 _ 2
f=(a1y + a2)® + (azy + as)* + [amﬁy + (@103 + a304)as |°_ (0104 = 02a3) ;

a12 + a32 (112 + 0,32

where a;, 1 <i <5, are arbitrary real constants satisfying a;? + a3? # 0.
(2) Case II involving a sum of three squares:

2
asa
f= (a1 — Z St) + (agt + a3)* + (ast + asty)? — a1 — az?,
1
where a1 # 0 and a;, 2 < i < 5, are arbitrary real constants.

(3) Case III involving a sum of three squares:

a22(a12+a32)2

a12a42

Y

2 2

azaz aia asa

f<al 2 3t+15y> +<a2t+35y+a3> +(ast+asty)?+
a a4 a4

where a;, 1 < i <5, are arbitrary real constants satisfying ajay # 0.
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Fig. 2. Plots of (28) at (a) ¢

3.2.3. Discussions

We can generate lump solutions from the presented quadratic function solutions
to the generalized bilinear equation (26) in Sec. 3.2.1. But the quartic function
solutions in Sec. 3.2.2 are all independent of the spatial variable x. Therefore, when
y is fixed and z goes to oo, f will not tend to oco. This implies that the presented
quartic function solutions to the generalized bilinear equation (26) will not produce
any lump solution to the nonlinear differential equation (27).

Let us now present a special class of lump solutions from the first class of
quadratic function solutions in Sec. 3.2.1. To the end, we specify ay = a4 = 1,
as = 0, a3 = —sgn(cicz). Then, we have the positive quadratic function solution
to (26):

2a101 Co

C1

2
P, t) = (are +y + as) + (— t+x+a6) 6

Cq

and the lump solution to (27):

2a1¢
4 [— cl 1t+(a12+1)x+a1y+a1a3+a6}
4

u(z,y,t) =
—2a1c1 Co

2
t+x+a6> + 6
¢

(ar1z +y+a3)? + (
Cq4

Particularly, taking a; = —1, a3 = 0, ag = —1 and ¢; = 1, ¢3 = 1/3, ¢4 = 2 leads
to the following lump solution:

42z —y+1t—1)
—r+y2+(t+r—1)2+2°

u(z,y,t) = ( (28)

Figure 2 shows three 3D plots of this solution at ¢ = 1,15, 30, respectively. The
plots depict that the lump by (28) does not change much while it travels.
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4. Concluding Remarks

We have analyzed quadratic function solutions to generalized bilinear equations,
and carried out a search for positive quadratic and quartic function solutions to two
classes of generalized bilinear equations, generated from the two specific polynomi-
als. The resulting polynomial solutions yield lump-type solutions of finite energy
to the corresponding nonlinear differential equations, derived from the considered
generalized bilinear equations. It is expected that such a study will help us recog-
nize the characteristics of generalized bilinear equations and nonlinear differential
equations.

High-order polynomial solutions to generalized bilinear equations is an inter-
esting problem. It will be important to see if there is any nonlinear superposition
formula for generating lump solutions in terms of higher-order polynomials. Is there
any combinatorial relation between higher-order polynomial solutions and general-
ized bilinear equations? The second interesting problem is how to construct lump
solutions to discrete integrable equations. Rational function solutions to the Toda
and 2-dimensional Toda lattice equations are successfully presented and expressed
in terms of Casoratian determinant.?32? The third problem is to see if it is possible
to classify lump solutions from a determinant point of view. Can lump solutions be
written in Wronskian, Casoratian or Pfaffian form?
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